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Effects of Boundary Conditions and Initial
Out-of-Roundness on the Strength of
Thin-Walled Cylinders Subject to

External I

Hydrostatic Pressure

By G. D. GALLETLY? an> R. BART?

Using <l 1 soall-deflection theory, 2n iuvestigation
wes madz of the effects of boundary conditions and init’al

duced as 2ll the final repazts on thelr work have not been pub~
lished.

out-cf-coundness cn the strength of oylinders subject to
external hydrostatic_presture. The equationa devel

One poendle caass for the discrepancy between theoratical and
exp ! results can be ascribed to tha aitial out-of-round-

in this paper for initially cut-of-round cylinders with
clamped ends, and a olightly modifed form of the equa-
tions previoualy derived by Bodner and Berks for simply
supported ends, were applied to soras actual test results ob-

e of the cylinders, xnd & nuzaber of investigations, using small
deflection theory, already have been made on the effect of initisl
iregularities on the collapss pressure of cylinders subject to ex-
tcmal hydrostatic pressure {2, 3,4). As wras to be expected, these

tained from nine steel cylinders which hed been subjected
to external hydroctatic pressure. Three fempirical

howed that the initia! irregularities reduced tha fsiluro
below thoeo of the perfoct cylinders. Hcwever, whea

methods for detexrmining the initial out-of-rcundneu of
the «7lindess also were investigated and chese are described

thcae analyses were applied to some models wbich bad been tested
exp tally, they predicted failure p which wezo less

in the psper. The investigation mdwatel that if the
.nitial out-of. d isdeterminedina i

to that suggested by Holt then the correlation Getween
the experimental and theoretical results is quite good.
The inrestigation also indicates that while the difference
in collapse p es for ped-end and simply sup-
ported perfect «ylinders may be quite conciderable, thu
does not appear to be the case when initial out-of.

than three qume-l of those obeerred experimentally. Sincs
these analyses had assumed simple supports at the ends of the
cylinders and it was probable that the boundary conditions of the
raodels were somewhers between the extremes of simple supports
and clsmped ends, it was of mmut to investigate the reduction
in collapee pressure of ¢ d cylinders due to initial irregu-
lanties, tc seo if the smmed bounduy conditions rould explain
the discrep t and theory. Also, the

nesses of a practical magnitude are considered.

InTRODUCTION

EVERAL analyees have sppeared it the literature for the
slastec b iling of a thin cylindnical shell subject 1o extesnal
bydrostatic pressure (1}* The majority of theve aralysea

bave been based upon the clasical small-deformation theory of
thin, shells and have sxsumed a geometrically perfect, stress-free

analyses uume that the initial cut-of-roundacss in the cylinders
is similar to one of the muive into which a perfectly cirvular
cylinder of the same dimensions would buckle, and actuasl ahells
never e2tidy this condition. It thus seemed desirable to ln-
vestigate the various simplified methods that have been sug-
geated for determining the initial out-of-roundness of the cylinders
to ;e wuat effect theso had upon the computed failure pressure.
These methods are dercribed in the paper,

It e nlao o! interest, to note that there are other limitations in

riructure paior to loading.  The correlstion obtained bet
these toeories and experimental results has been gosd for long
eylinders but rather poor for short cylinders. Efforts are cur-
rently being made by severs] investigators to explsin the dis-
ezepancy butween theory and expsriment in the ehort-cylinder
range by the use of Iarge-deflection theory At this date, how-
ever, 1t is not known by how much this discrepancy will be re-
8Stell Deveioprent Company, Emeryville, Calif. Asoc Mem,
ASME: formerly Hesd, Pln.u l.nd Bhells Bection, David Taylor

Model Besins, Washington, D,
'Swmxéd Research anmr David Taylor Mods| Basin, Wash-

. .\'qn-b‘en 1n paresicheses sefer w the Bibliography at the snd of the
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Duascuasion of ths paper should be addresssd to the Becretary,
ABME, 27 Wast 30th Street, Now York, N. Y., and will be aceepted
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the ized thecries. These are:

(a) The luct that 1n these problems there ususlly exist other
buckling preseures closs to the minimum buckling pressuro.
Thus, use of only that mode of initini out-of-roundness which
ponds to the minil buckli pmvuminuuyonlydo-
fenaible at pressures very clove to the minimum buckli

(b) Ths simple yiold eriterion used to predict h\luro

This point is discuseed under the sectior entitled ' Assumptions
Made in Analysis.”

The suthors have not iavestigated the foregoing factors but
hope to do so ia the future,

The approach used in this pape: is similar to that of Bodner and
Berka (3), except that instead of uaing & Donrell-type equation
Galerkin’s method was e ployed {n conjunction with & modided
Donnell-type equstion, The initia] out-of-roundness pattern
assumed by Bodzer and Berke was of the form

cor

m-cdnmaeol'—: .

(origin at mid-length; while that
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d by the p t auth
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(onga at one end of the ¢cyhnder) Tbus, m bote cases, the
mtial out-of-roundress satisfied the r dary condi-
5008 and was 21t0 smilar 10 form to e of the assumed buckling
wodes. The magnitude of the mitisi out-of-rcundness at the ends
and center of the cylinder was also the same in both casea.

The BadnerBerks solution and thet presented bereis thus
represent jower and upper bounds for the efféct of imtial eccen-
tricities on the collapse pressures of elsatically supported un-
#iffened cyhinders, when the initial eccentricities have the same
thape as one of the assumed buckling modes of the perfect
eylinder, Thile tke two solutions are aot exsct, they should
provide good approxumations to the exact solutions. One of the
limitations of using Doucell’s equation is that the pumber of cir-
cuxferential lobes should be fairly high, and thus the results wil
be sizhtly 10 error for very long eylinders which buckle into two
or three circumfereatial Jobes.

The finsl results of the iavesugation are given 1o Fig 2and in
Tables 2, 4, and 5. It can be ssen that the correlation between
expmmeat and theory is quite good when method (¢) is used to

[T c!uunaxhl, tangential, and radial (4 inwands)

p ta of the impesfect eylin , : minus the
usiform compression expenenced by a rarfect
cyliner (ee¢ Equation [18) in the Appendix),

The ¢ scnipts z and @ indicate partial differentiations with ro-
spect to those variables,

The patterns arsumed for v and toy, and which catisfy the
boundary conditions for clamped-end cylinders, were as follows

©w -~ Buian[l—eos"—J

[ 5z
v smmﬂ[l—-coaT]'z
where

B = half amplitude of w-displacement
¢ = maximum value of initial radis! out-of-roundness
m « number of circumferential waves
L = unsupported leogth of shell
z, 6 = axial and angulsr co-ordinates

the initial outeof- d of the models. [Method
(¢) is eimilar to that suggested by Holt (5).] However, it is not
claimed that the results give a complete answer to the problem
axd more work of both an experimentai and theoretical nature 13
required
METHOD OF ANALYSIS

Tke modifications to Doncell's equation brought zbout by
inntial ecrentricities in the shell have been presented by Bodner
and Berks (3), and. prior to them, by Cicals (6). The equationus
also have been derived by the authors in the Appendix, using a

what different approach to that adopted by the previously

tioned suthors  For the case of uniform external bydrostatic
pressure apphed on sli sides of an imperfect cylinder the relevant
equstions are, from Equaticos {19a), {193], {21), and (24} in the
Appeadix
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1f the Exp {21 happen to be an exact eolution of the prob-
lem, then they will satisfy the differential equation of equilibrium,
Equation [lc), exactiv. However, as both 12 and v were chosen
to satisfy the boundary conditions rather than the equihbrium
equation, this, in general, will not be the csse. The resulting ex-
pression will be a function of z and € wkich we sbzll denots by Q.
Galerkin's equation for determining the relations between the co-
efficients B and ¢ is then

fz-f Q!"Hoi: _w"ff]}wedz-o ..... {3

where 7 assumes the values 1,2,3......
Yor 1 » m Equation {3] will be found to be zero identically

For 1 = m the following relation bet B nud ¢, obtained from
Zquation [3), will be found to hold
¢ P
B m — e, P ¢ |
2 pap 4]
whers pe is given by the expression
RS h
(—) {amé + AT 4 AY) (—) As
E R + R
- 12(1 — %) (m? 4 A 1
ad (3m? + 17249 :
and
2xR
A=

The smallest value of the buckling pressure of the perfect
cvlinder pe in found by minimizing "yuation (5] with respect to
m, A relation sizailar to that expressed by Equation (5] has re-
cently besu prosented by Nash (7) usiog an energy method, A re-
lation similar tor Equation {4] was also obtained by Bodoer and
Berks {57 sumply supported imperfect cylinders,

Thus, frum Equations {2) and {4}, we obtain the following ex-
pression for v

L2 . —~ cop X%
w 3 nm0[ cos J fo)

The bendiug moments in the shell can shen be caleulated from
the relations
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The maximum beading stresses are then pven by

.7

O =t %(M,).u, Ty = & % (3Modma 18]

To obtan the total normal stresses we now uave to add the
membrane stresss 10 Equation {8). Todetermine these Istter we
soive Equatious {idy znd [§] for the stress function P (periodic
ters only). The total membrane stresses are then given by

PR |, Pv
Tar == 5 F i

Cup ™ ‘—-’? +7, .19

The tosal normal stresees sre obtained by rdding algebrascally
Equacons {8, and [9]. Tbe greatest normal strecses occur &
mid-length of the cyhnder (z = L/2) aad whare sin m§ = 1
(trough and erest ponts of the lobes,. At thess points the twist
ing momeat M ¢ 13 zero zad thus the normal stresses are prineipal
stresses. The abeolut normal occur at the
outer shell wall for the trough points,

Hawing obtaned the manmum pnacipal stresses 7, and oy 1n
werms of the wutial out-of-roundness, td s geome.ric parametess
204 the apphed externai bydrostauc pr essure, we cow employ the
octabedrai shear-stress critenon of falure (which gives the same
results as the Hencky-von Mises criterion of failure), vis.

0,1 = agt + 08— 0y0,.. ... (10}
wbere o, 18 the yiekd point of the matenal. Substitution of the
maumum pracpa sresss o, and 0y in Equation {10] thez gives
an equation retating the initsi out-of-roundness, the geometne
parameters of the shell, the y1eld pomnt of the matesial and the
preesure at which the sheil begins to yield p,.

It should be noted that instesd of uring the yielding criterion
given by Equaticn {10} where o, and g, are principal stresses, it
is mors accurate to uze the exprezsion

AR T ALY TRE TR {10a}

where now o,, ¢y, and 1,9 are the normal and shear stresses at any
point and which are functionsof zead 8. Yielding will irst occur
in the cylinder for those values of = and 8 which mayimize the
right-hand side of Equation [10a]). However, to compute theso
values of z and 8 by differentiation of equation [10s] involves
more complications than seem warranted. Trislsindicasthatthe
strees condition at the outer shell well for tiough points of slobels
probably as unfavorable 23 anywhere else. As mentioned earller
the twisting moment M4 is zero at thees points and thus Equs-
tion [10a} reduces to Equation {10).

As weshall later present curves of p,, tha pressure at which shell
yielding commences, versus ¢/A, tae Initial eocentdcity-
shell thickness ratio, for both simply supported aad clamped-ead
cylindprs, we have summarised the results obtained in this paper
acd thoes obtained by Bodner and Berks in Tablol. (We have
sdded ¢ few terms to the latter solution, 23 Bodner and Berks
neglected the periodic terms in Equation [9]). Also, we used
the expression wgs/R? for the circumferential change in curva.
ture instead of (wae/R? + ry/R) which was ueed by Bodner
and Berks when computing the bending stresses due to initial
outeof- d Our expression is consistent with the expres-
sion used in deriving the approximate equations of equilibrium
for an initiaily out-of-round cylinder (see Appendix) and asv0is the
same as that used by Donnell in his work on perfect cylinders (8).
The effect of using wpe/R? instead of (ww/R* + 0s/R) Is to
eliminate the quantity f which sppears in the equations de-
velopec by Bodner and Berke.) It can be seen that the final
equation (Equation (12} in Table 1) relating the initial out-of-

d and the pressurs to cruse first yielding is eesepntially
the same for both clamped-end and siraply supported cylinders,
except for the fa.tor of 2 required by the definition of ¢ as the
maximum initin ut-of-roundness and tho alight changes in
definition of the quantities X and 8 appearing in that equation.

TABLE : TOMPA BN OF l}:#!.'ATlO.'S AND PARAMETERS FOR !lMPL(Y) SUPPORTED AND CL.MPED-END CYLI¥DERS HAVING

AN INITIAL OUT-OF-ROUNDNESS S8IMILAR IN S8HAPE TO ONE OF THE ASSUM D S8UCKLING M(DES
Equa.
Hon
—————Simple sup PO Clamped ends no.
2¢z
X oz w-Bdan[l—eocT]:
Arsumed © w-AcinvMomT: m-sdnmdoot-z e 2e5
R
snd ¢ (Ongn st middength) e 2
(Orig™ at one end)
(A)' [m® + Pt (.L) $ (.A_).[amt 4 2m1AY + AY) (—"—) At
z R + R P R ¥ R
o 12() ~= »%) m? 4 &)1 i !3 12(1 — 1) [m? 4 a1} 4w g_rii mj
3 | H H
[ﬂ' +* % I'J [3m‘ + -;' A'] L
Equstioa relsting p, Sy, |32 —40 — 0+ aNHTN ;l for simple supporte
ard ¢ A (‘ p,.) 40—~ 8 4 0K 2 for clamped ends (3l
Zpwll = o  R\? R [ R A
Lx—'-'»(—h-/ X LR L Z(I—v')—A- (-"l_'-‘_"_l' mt—1 + vA’+2(l—:')—h-———(".+A'l,
R R _mv . R miar
m*-rl'-&?(l—r')x m-"—_r vl2m'-—il+A‘+2(.—-r')—A-m
g V4 it £ 2 — oY BR__¥ 2ml_‘+,a|+‘1(]_,l’£—d‘__
me W T N [+ ant

(- (5]




AsavurrionNs Mave Ix AxaLr.s

Besides the approximate strain and chengs ip curvaturedis-
plmtnhmusedmthedtnmdmmdleqw
tion for an initislly out-of. d cylinder, and the
that it is initislly strees free, xtmxzhtbennfultolztsomeofthe
other assumptions that heve been made both tn the analysis of
this papez snd that of Bodner and Berks, Theae ace es follows:

1 That the circumferentisl membrane stress in the sheil is
oconztant along its length and equal to —pR,A, wheress this is
setuzlly not the case,

2 The assamption that the initial out-of-roundrecs is small
{with en crdez of magnituds of one shell thickness) ir ymmetric
with respoct to the center line of the shell, and has the same form
22 ons of the buckling modeo of & perfect cylinder with the zams
shell dimensions. Actus) ehells ravely, if ever, aatisfy the lest two
requirerzsnts and 50 ths gacsticn azises as to how the in‘tial ous~
of-rouncoees shoeld be weasured

8 Tho sacampticn thst fallure oocurs (appearaucs of visible
lobes) when the most highly stressed points in the cylinder start
to yield. Actually, {=iluze doess not occur until plastic regions
form 2t the troagh and erest points of the lobes. The pressure re-
quired to produos thess yield sones is greater than that at which
the most highly stressed points begin to vield and naglect of this
effect therefore underestimates the strength of the shells. An
adequats theary to take this effect into acoount hey not been de-
veloped 3 yet, but, a3 for beams, presumably the ratio of the
pressan, to csume first yielding to the pressure rquired for the
formation of platic regions depends on ths relative magnitudes
o the direct ztrecses in the cyiinder wall end the bending stressss
resatsing from ioitial out-of-roundness.

4 The zssumption that Powsaon’s ratio is a constaat and equals
03.

As1v1s tended to apply the analyses developed for unstiffened
cyhnders to stiffened cylinders which failed by buckhing between

La(Md

[V v
180°
METHOD (o) NETHOD (D)
g70* $0°
ARC LENGTH®,
=mRm

/10,247 180¢
MNETHOD (¢)

Fio 1 DIucsrmations or Tuzex M rox Dim
Ixrriat Ovror-Rovxonees or gmn.mxu AT BraTION 4 OF MODEL

miced Then the angle x/m, where m is the number cf iobes into
which the perfect cylinder would buckle, is calculsted. A gector
of & circle, subieading this angle x/m is then drawn on transparent
paper and placed with its spex at the centroid of the initial cireu-
larity contour. The sector is thea rotated so that it travarses the
entire circumference of the creularity contour until the location is
found at which the i difference bet the two sector
radii oceurs, The initial out-of-roundnes; is then taken ss this

nng swffenere, it would be well if we d the additional
sssumptions that were made. These are:

5 Thst the stiffening rings st the ende of any bay are per-
fectly circular, ve., they do not have any imitial out-of-roundness.
Thus never occurs 1n practice, of course, but should not be too
senious tf the arculanty of the stiffening rings 1a very rauch better
then that of the shell, or if the predominant meode of instial ont-of-
roundnest 10 the nngs s very differeat from the predonunant
mode in the eheil,

6 As for unstiffened cylinders, the circumferential membrane
stress wo the perfect cylinder is assumed to be —pR/A, wnereas
1 actually vanes siong the length of the sheli. A more correct
reprecentyaua of the strees dustribution wouid be obtained by
unny the analyrs of von Banden and Ganther (9), or more ac-
curetely gtill, shat of Salerno and Pulos (10).

MzTrrope or DrTZasaxixe Inrrr.L Ovr-or-Rouapazss

A rentioned hutherto, the analyses assume that the tnitial
out-ot-roundress 15 symmetrical about the mid-length of the shell
crd that itc circunferential variation is in the sbape of one of the
buck’ing modes of & perfect cylinder. Actusl shells do not meet
eiti.er of thoe requirements If we do not make & harmocic
anelyxs of 124 10itial out-of- roundnm, snd ahoex\end the theory
0 ¢ for the vari P , the quetion
arises 2240 how we chail nho, ,c,rhichi-“ d
in the analysis as the maximum initial out-of-roundness when ite
shape i3 mumilar to one of the buckling modes. As far a5 the
zuthurs are aware thres ampiifisd, semiempirical methods for de-

the sl out-of. doess have been piuposed i the
literature so far. These are (see Fig. 1):
0, The centroid of the mutum cucwanty catour is inst detei-

dxffemee This metkod of determinirg the initial
tially that proposed by Ssunders, Tril-
ling, and W'mdenburg (!l, 12).

(b) Both the centroid and the area of the initial elreularity con-
tour sre determined. The radius R, of the circle whose
ares is tho same as that of the initial circularity contour
is then determined. A circis, with center ot the centroid of
the initial circularity contour and of redius R, Is then drawm.
The Initial out~of-roundness is then taken as the maximum value
of [R,— R,) znd [R, — R,], where R, and B, are the radius veo-
tors from the centroid to points ca the initial circularity contour
whick are exterior and interior, respectively, to tho circlo of radius
R. A method for d ining the initial cut-ol dooes simi.
lar to the foregoing has been suggested, among others, by Bodaer
aod Berks (3).

(¢) As in (b) both the centroid of the initial circularity contour
and the radius R,, of the mean circle are determined. Als), sain
(a), the angle x/m is calculated. The are length of one haltlobe
is thon obtained as (w/m)R,. This are is then moved around thy
initial elrcularity ccntour with its end points always in contact
with the contour. The initial out-of-roundness is ther: taker as
the maximum radial distance between the circularity conwur and
the arc. This method for detcrmining the initial out-of.
is somewhst amilar to the method proposed by Holt (8).

4.,

Nuwzsricat Rxauure

In this ssction we present the results rbtuiiid by applying the
analysis developed for eimply supportal wuperiect cylinders (3,
and ta extension to ciamped sods, to t.« tvel mided eylinders
that have beea tested av the Taylor Mode! Busin, At failure, all
theee models had lobes which partially covered the cireumference
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I[ABLE3 GBUMETR.. RATIOB, YIiELD POINTS, BXPERIMENTAL AND THRORETICAL COLLAPSE PRESJURKS FOR PI7EL CY LINDERS

[ [} ® «) [C)) () [o4] ® (O] (10} ‘o
Expt. Maxmum Thecretisal elestlo buekling cauzs e
. buekling mwa!‘:-ag presgure from Eq. [11) of mzﬂe‘y%ax
Moddl < Y P Numbez of ~ N of stiflened
o R F74 (pe) stifeners 9 8impls aupports Clamped eads cylindens®
& 0128 o oox8 39000 2 iaternal 178 185 (18, ng' 1 1 451 8 18) 204
3 C20 0 0032 31000 2 istarnal 138 139 §18. 14, 262 N; 3%
68 0.500 0 0048 40000 [oRe 2358 338 (8, 9) 208 10, .
71 0300 0 0085 44000 DORE 27 337 &7{ 04 9. s
42 1.000 0 0033 43000 none &3 &9 (8 7.4 €3 s
81  2.000 0 Q010 TH000 noBe 48 42 (5, 8) 0.3 (8
BR-1 0184 C 0024 81700 & sxterzal 30 107 ixs 1583 1 322
BR-4 0.250 0.0049 50800 5 aztetnal 30 0 (10, 3 12 &80
BR-S 018 0 0023 54400 8 exteraal 20 85 (14) 163 1 134
¢ Numbers in pareatbesss ars tze cumber of lobes at fsilure.
!a:.hm:bo mnndun\’f deaburg s ot buckling and maxi B for theos models, Laaoe, they wore asauraad o be equal
9 above
Caiculated for median suztare of shell at rmud-bay length using eaalysis of von Bandsn and Glntherin ion with hedral shear strees eritart

TABLE 3 MAZXIMUM ¢, & VALUES OBTAINED BY LiFFRRENT METRODS FOR DETERMINING INITIAL OUT-OF-ROUNDNESS

& ® (] w IR ©
——Metbod (6} —(t} Outward—n ) awarde——  ~——Max. of () end ()=
Moda! 5o, c.x 88 Mettod(d) CE 8.8. C. 88 O of W ead {0
0 0 138¢ 0.140 0.178 0.018 0.017 074 0.073 0.07¢ 0.078
33 0.667 0.106 0.058 0.037 0.078 .08 0.093 0.088 0.093
68 0.043 0.047 0’04} 0.041 0.048 063 0.037 0.081 0,045
7 3t 0143 0.113 0.008 0.011 .0 0.088 6.000 0.963
i) .27 0.973 0’191 0.080 0.091 .11 0.131 0.114 o181
61 6138 0130 0.082 0027 0.033 G2 0.637 0.037 0.G33
BR-1 (6, $1b 0 ‘”f‘?’ 0 015(8) O ESA()  0.310(6: 0'375(6, BTG 038 0.31%0) 0.375(8
BR4 4, 10} 0 164(¢) 0 17604 o.méz; 0’08314 0.068(4! e o.osy)  o.0oma  D.08(4
BR-S 4, 6, 1¢) 0 741(4) 0 758(4)  0.802(4) 0 236(10) O 23%(10) 310(6)  0.247¢4)  0.2580100  0.285(10)
¢ Tabulated Tt 27380 10 8] £33 ocent.
s Nuzbers u“nummkeu mm‘:gﬁoup:?-mm obes first d i the multibay stiffeasd cyiiad: Numbars o hosce are the ata-
tions st which the maxivum o/A-velues cocurred, according to the method ured.

TABLE ¢ COMPARIBON OF PREDICTED PRESSURES Pﬂg
METHODS FOR DETERMINING INITIAL OUT-OF-

[¢Y] (L jl) ) *) (O&d {7) ()
Model ~Method (6)— —~Me )= ~—Muthod (¢)— (3)/Col. (8)—~  ~Col. (8)/Col. (8}~ ~Col, (§)/Col. (8)=~
Bo. C.E 8.8, C.5. 3.8. C.E. 8. Expt. C.E. 88, C.E. 8.6, C.E. ) S.S.
80 18l 1 137 128 180 1¢0 175 0.863 0.768 0.784 0.718 1.03 0.015
33 130 118 123 118 135 120 133 0.978 0 388 0.904 0.673 1.0i 0.503
68 I8 223 252 283 230 233 1.18 0.971 1.20 0.9%6 1.20 0.9%0
71 2 297 382 317 384 333 327 1.02 0.910 1.03 9.970 1.18 1.03
42 56 41.8 [ 4 (-] 48 53 0.965 0718 1.08 0.759 1.12 0.793
G1 85 33 &8 3% 29 4035 48 1.14 0.793 1.17 0.813 1.28 0.845
BR-1 74 53 78 67 § 93 20 20 0.922 0.758 0.938 0,844 1.42 1.00
BRA 207 31 208 340 90 0.780 0.888 0.830 0.768 1.00 0.873
BR-S 8 50 [ 81 028 ¢ 70 80 3.713 0.623 0.5%0 0783 1.1¢ 0.9%0

of the ehell The geometnc ratios, sield points, experimental and
theoretical collapse pressures for these syhinders are pven in
Table 2 The firt six models in this table were tested some 0
years 2o by Windenburg and Trilling (11, although they did
oot anvestigare thenreticall, the effect of tntial out-of-roundness
on the collapse pressure The last three models, which are multi-
bay cybaders, have been tested recently at the Taylor .{odel
Baain (13, 14).

A compenson of columns 6 and 8 in Table 2 shows a zonmder-
able discrepancy between tke expenmental and theoretcal
buckling pressures for even the simply supported cylinders For
some models, it would alsc sppear that axisymmetric ,ielding
rather than buckling was the controlling mode of failure. This
can be seen by companog columns 8and 10in Table2 However,
1t wll be geen later when out-of-roundaess is taken into account
that the theoretical pressures for buckling-$ype failures are lower
than the axisymmetric yield pressures. It is also of interest to
.ote that Models €2 and 61 are the ooly models for which the ex-
penmental buckhng pressures are higher than those predicted
thecssiically for simply supported cylinders, although the sar »
supports wers used for those two mudels as for the four models
proceding them,

Using the geometric ratios and yield pownts ehown in Table 2
aod Equationa [11; and [12, 1 Table 1, it 19 poesible to construct
curveo shomng the relstion between the preasure at which yielding
first occurs in the cylinder wall p,, and the ratic of the initial cut-
of-roundoess to the shall thickness s,A. Two such curves are

FOR OCCURRENCE OF A VISIBLE LOBE—USING THE DIFFERENT
OUNDNESS—WITH THE EXPERIMENTAL PRESSURES (P8I)

sbown tn Fig. 2 for illustrative purposes. In constructing these
curves, the value of m used in Equation [12] was the valus of
m which minimised Equation [11]1n Table 1. Thess valuesof m
»ve listed in parentheses in columns € and 9 of Table 3. Theso
values of m do not actually give the minimum p, {2 & given ¢/A.
This point will be discusssi 1ater. It also should 8 noted that
for ¢, A = 0 some of the curves in Fig. 3 do not attain the elastic
buckling preseures tabulsted in col 8 and 9 of Table 2.
When this is found to occur it means that the pressure to cause
axisyrometric yielding of the shell fu lower thun the elastio
buckling pressure.

In Table 3 wre tabuiated the 1 ¢/h-values obtal
using the different methods for determining the initial outrt-
roundness described earlier. The ¢, A-values were determined at
mid-length for the unstifened, cylinders and at mid-length of the
Lays for the multllay cyiinders, Twu values are listed fur cach
mode! under methods (a) snd {¢) because, in thess nethods, wie
aumber of Jobes into which the perfect cylinder would buckle s
used and .uis number is usually difesent for simply supported
and clamped ends.

Now, selescting the experimeatal burkling pr Usted in
column 6 of Table 2 in conjunction with thalr corresponding eo-
centricitiea listed in columns 2, 3, and 6 of Table 3, one can plot
points on curves similar to Fig. 2 which rupressnt values deter-
muned experimentally. In Tasle 4 we alto give & numerical com-
panson of the theoretscal and experimental presures at which
visibls lobse first occur. The theoretical valuss in this table

a1
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were obtained from the e/h-v alues listed 1n Table 3 in conjunction
with the theoretical p, versus e/k curves mmilar to Fig. 2. The
last three columns in Table 4 show the ratios of theoretically pre-
dicted pressures for the occurrence of a visible lobe to those ob-
tained exprerimentally, according to the. various methods used for
determning the initial out-of-roundness. The average values of
these lest three col classified ding to whether the
cybnders were stiened or not, are tabulated in Table 5. It can
Lo seen from ‘Tables 4 and 5 that use of method (a), with the
assumption of eumply supported ends, was the most conservative
0 most caees and predicted pressuzes which were always below
thooe obtained expenmentally. However, the best correlation
between the experimental results and the mmphfied theories
dscussed in this paper appeass to be obtained when method (¢, 9
used for determuning the iitind out-ol-roundness and the ¢y Linders
are assumed to be simply supported

It was suentioned eariter that for & given ¢, £ the value uf m that
wowd gve the wwest p, a8 not pecessartly the value of m whick
aummzed ke expresmon for pe (Equations (310 Table i, It
%28 2180 noved & vhat tune, hownever, that tie errur oblaned by
SASUMING L0i8 W0 DE U Wad nul very Ereal and adu greaily re-
duced the cumpuiational iabor. Some ides uf the v..or .ovolved
can be obtauned by refernng to Fig 3. The curves u thu figure
are piota of m whuch munimtre e, hforagivenp, Forsp, w8 on
it can b ssen that the minimum value of ¢, A 18034 at m « 13,
while at m = 4§ (the value which muumizes pe; the value of
e/h 13 04, Howeves, if we now fix the value of ¢,A at 0.4, then
e cusumud value of p, 18 75 pro and weursat m = 13 Bumiler
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iesults are obtaned with the other curves and also with the m
versus ¢, h curves for clamped-end cylinders which we have not
wncluded here. Itis thusseen that sssuming the value of m which
munimuzes p, will also minimize p, for a given ¢/A {salightly on the
ansafe side, the msgnituds of the errcz depending on the valus of
¢, htaken However, owing tothe fact that actual cylinders under
oyd 1¢ pressure collaspoe in substantially the same number of
(wbes a8 18 predicted by theory for the perfect cylinder, and also for
aumplicity in calcuiakons, we have ignored this discrepancy.

It also will be remembered that in applying the analyses to
stiffeced cylinders we made the assumption that the stiffening
ruige were perfectly circular. This, of course, never occurs 1n
practice Bome ides of the degree of circulanty sctually p t
can be obtsined by refereace to ¥Fig. 4. This figure shous the
tnatual crrculsiity contours of the stiffening riogs bordering, and the




shelt at the center of one of the bays i which lobes first appesred
1 Modet BR-4  If we adopt ruethod (¢) descnbed earlier as our
criterion far imit:al out-of-roundnes, then the stiffening rings of
this modes haa about one tenth the out-of-roundness of the shell,
Samnuar resuits aiso were obtamned for the other modeis. Thus, for
the problen; of inter-ring collapee of stiffencd cylnders, the as.
sumption of zero initial out-of-roundness of the stiffening rings
appears to be a reasonsble one.

1t might be thought that a hasmonic analy ms of the tmitial out-
of-ruundness wotld show that the amphtude of the hanm)mc
component corresponding to the value of m which minimized py

oumerical computations and determining the irftial out-of-
roundaess of the models, and to Mr R Stuckey 1n executing the
draftiag work.

They also wish to thank Dr § R. Bodner of the Polytechnic
Institute of Brooklyn for hia constructive comments on the
sutkars’ work. .
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Appendix

Arrroxauate EQUATIONS OF EQUILIBRIUM FOR aN IniTiALLY
Ocror-Ravwp CyLiNpen

These equations have been d-rived previously by Bodner and
Berks (3, unng a differevt approsch  Qur reason for this new
derivation 12 to make clear what approxiinaticns and pti
are involved in the amplified equations of equilibrium.

Consider & cylinder of mean radius R which bas & emall radial
ikl cut-of-round wy Selecting z, 0, and 2 as co-ordinate
axes and denoting the longitudinal, tangential, and radial elastic
displacements by U, V, and I, 1t is then possible to show that
the straine at the middle surface are given by
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We shall mumphfy *hese comphested expresuions to the follomng

(=L, .-%w.ww.we.
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R iU l+ SRLL T [14]
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For the changes i curvature, we ehall use the quantities pre-
vicusly used by Doanell (8, for perfect cylindery, v's.

W

We
Xi =W Xo e Bl X p [15)

The work cone # pby the umform external pressure acting on
st mdes o the cyhnder 18 given by the product of the pressure
and the change in volume of the cyhnder. Thus there follows
(16)
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We skl irpufy this comphieated expresson for Wptotaef Yow-

ing
-,f f[w-—-—}%]ﬂdzw g

00 siss cunveraent *, ronnider the U, 3 and W displacements
5 be made up of 1o parte

Cwlwu '’
V-V*l ’ “8}

W-W+|tl‘

where U, , and W are the displacaments which would oceur in
the equibrium problem of a perfectly circuler cylinder under
uniform external pressure

The total potential of the syrtem Uy is then obtained by add-
g the extensional and bending-strain energics of the shell and
subtracting the work done by the external pressure. In eslculat~
ing the ional energy, we retained the terms in u, v, ©, wy
through the second order and tize termsin U 9, W (directly pro-
portionai to the applied pressure) through the first order only;
alno, wo neglected the effect of the deflection of the shell between
supports on the displscements and stresses of the perfect cylinder.

Variation of U with respect L0 u, v, and w« then gives the dif-
ferential equations of thy protlem. Further manipulation of these
equations rezults in the {ollow ng

- = Kett
Vi R B e~ (@
(2 +») Cose
A Rt Lt + R (V)]

. 19)
DV + — V Wy =P+ 4 [0.(w + we)y,

Rl
+ 715, (v + w.)..} ©

21y
+—R-(w + We)yy

where 2,, 2,, and 7,4 are the membrane atresses which would
oceur 1n & perfectly circular cyhinder and which were assured to
be constant in deriving the foregoing equaticns.

For the case of uniform exteinal hydrostatic pressure applied
on all aides of a perfectly circular cylinder, and neglecting the de-
flection of the shell between cupports, there results

0.--—25, Dy — =, T4=0 .. [20})

P
T
Substituting the Relations {20) into Equation [19¢) yields
Eh 1
DV% <+ F V%0 + PR ["2' (v + w),,
1
4+ l_i" (v + m)n:l—-r -0 ... {21]

Now define a stress function of the total membrane stresses
F, such that

N, Fu N Ny EL'
L te Dlp, oD

Umng Equation [14] and the stress-strain relations it is then
easy toshow that
W' W, We
" T TR
2Watver _ Watnwr _ Wt
Rt R R
As wo are interested here in the linear problem, and as we have

previousty neglected the deflecuon of the shell between supporte,
Equstion (23] reduves to

CF - E{— % W, +

+ . ()

E
VIF = — i 124)

Equatons [19a], (195} (21}, and [24] together with the sppro-
priste boundary conditions define the problem,
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